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FROM ENERGY TO FREE ENERGY

MSE 468 Lecture 11
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Until now: ground state (T=0)

• What happens at finite temperature? 
• When temperature effects are important for your 

problem? 
• When are T=0 calculations relevant? 
• How to use T=0 calculations to get T-dependent 

properties?
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Temperature = Energy excess (above the ground state)
From DFT we get the ground-state energy 

When temperature increases, energy increases 

Additional energy is contained in excitations 
Which excitations are relevant for your property? 

Average energy above ground state can be used as measure 
of temperature 

Temperature: parameter that is equal for two different 
systems in thermal equilibrium
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Electronic 

Occupation (valence bands, conduction bands, ...) 

Magnetic (electron spin) 

Vibrational 

Configurational 

Conformational 
In polymers and bio-molecules, vibrational and 
configurational can not always be distinguished 

... (and these excitations can also couple)

How do materials store energy: Type of excitations
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Temperature and equipartition theorem
Classical Mechanics Generalized coordinates qi and momenta pi

Hamiltonian:  H  =  K(qi , pi)  + U(qi , pi)        K: kinetic energy; U: potential energy

Equipartition Theorem
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For quadratic Hamiltonians:

Every degree of freedom contributes kBT/2 thermal energy 
to the Hamiltonian (average energy)

we get:
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Subtleties

Only correct when energy depends 
quadratically on coordinates

Moreover: Only degrees of freedom for which there is “enough” 
energy to excite them should be counted

Cannot study “temperature” effects without:  

• understanding which excitations store the extra energy 

• understand which excitations are relevant for the property 
which you want as function of temperature
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Changes in materials with temperature

• Crystal structure 
(phase changes, surface structure change, ...) 

• Chemistry 
(oxygen content in oxides, concentration profiles towards surface, ...) 

• Properties 
(electrical conductivity, thermal conductivity, ...) 

• Bulk modulus, volume, ...

Different approaches may be needed for each of them
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Phase space
Particle in 
potential

Phase-space 
trajectory 
(constant 
energy)

• Phase space: coordinates are 
positions (r) and momenta (p) 

• For N particles: 6N-dimensional 
space! 

• Can draw trajectories in phase 
space 

• Microcanonical ensemble: 
all states at constant energy 
(for simple oscillator: red ellipse)
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Ensembles
•Microcanonical ensemble (NVE): isolated system, where energy (E), volume (V) 

and number of particles (N) are all constant 

•Canonical ensemble (NVT): closed system exchanging energy with a heat bath 
at temperature T; volume (V) and number of particles (N) are all constant 

•Isothermal-isobaric ensemble (NPT): the temperature T, the pressure P and the 
number of particles (N) are all constant; requires both a thermostat and a 
barostat (the closest to lab conditions) 

•Grand-canonical ensemble (µVT): open system, can exchange energy and 
particles with surrounding, at fixed volume V. The chemical potential µ is kept 
fixed.

Image from 
Wikipedia
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Ensembles

•Difference matters only for finite-size systems 

•For infinite systems, all three ensembles give same behaviour 
E.g.: in NVT, energy fluctuates with magnitude ~ 1/sqrt(N) 

•NVE: S (entropy) is maximum at equilibrium 

•NVT: Helmholtz free energy (F = E - TS) is minimum at equilibrium
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Number of states (identical classical particles)

•Main assumption: if a system has many states 
of same energy, they can be occupied with 
same probability 

•If I have two weakly interacting systems A and 
B (=they exchange energy, but I can still define 
an energy of A and of B): they will thermalise 

•Total number of micro states Ω: product of 
number of states of A and B: Ω = ΩAΩB 

•We can consider ln(Ω) if we want to have an 
additive property; we can identify the entropy 
with S = kBln(Ω): an additive measure of the 
number of available states (S = SA + SB)
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Entropy A B
•At equilibrium: max entropy for full system A+B, obtained for:
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•If the total energy of A+B is fixed, we have: EA + EB = E
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•We get that, at equilibrium: 
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•Finally, from thermodynamical definition of temperature: 
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•This shows that the two subsystems A and B will reach the same temperature 
(at thermalisation when the entropy is maximised)
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Maxwell-Boltzmann distribution

Probability to be in a given state i 
(with energy Ei)

Partition Function

(Helmholtz) free energy

Entropy

•For classical, indistinguishable particles 

•At given temperature, probability of filling a given state of energy Ei: 
proportional to exp(-Ei/kBT)
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Materials expand with temperature

• At finite T (and constant V): we need to minimise F, not E 

• Volume dependence of the entropy causes thermal expansion 

• At higher volume: force constants become weaker, hence 
phonon frequencies lower, hence entropy higher
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Example: Lithium

Total energy E

Free energy F 
(T=298K)

Quong, Liu, PRB 56, 7767 (1997)Thermal 
expansion
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How to calculate thermal expansion?

"Brute force":  Direct simulation (e.g molecular dynamics, see later)
Calculate entropy as function of volume  

Which entropy?  Most relevant contribution comes from  
atomic oscillations: phonons
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Vibrational free energy: harmonic
Quantization of phonon energy:
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Free energy ({ai}: lattice parameters)
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Free Energy in the 
Quasi-Harmonic Approximation

• If phonon frequencies assumed constant (independent of 
volume): "harmonic crystal", no dependence of vibrational 
free energy on structure (only E({ai}) depends on volume) 
• No thermal expansion, no temperature dependence of 

elastic constants, ...: no anharmonic effects 

• Quasi-harmonic approximation: use harmonic expression of 
the free energy, but consider dependence of the phonon 
frequencies on the lattice parameters {ai}.
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Thermal expansion (in the quasi-harmonic approximation)

Togo et al., PRB 81, 174301 (2010)
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Heat capacity, Bulk modulus

Togo et al., PRB 81, 174301 (2010)
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Another example:  T-dependence of Cu bulk modulus

Cu

Narasimhan, de Gironcoli, PRB 65, 064302 (2002)

Bulk modulus

Thermal expansion 
coefficient
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Why does bulk modulus change with T?

Experiment 
at finite T

Calculated 
at T=0K

Bulk modulus from 
derivatives of F 
(as function of alat)

• Entropy contribution is small 

• Important, however, to use 
the correct lattice parameter! 

• To a good approximation:  

1. only need to get "correct" 
lattice parameter at some T 

2. then do T=0K calculation at 
that lattice parameter

Al
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Quong, Liu, PRB 56, 7767 (1997)
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More drastic changes: Phase transitions
Phase that minimizes free energy  G(P,T)  or F(V,T) 

H. Okamoto, J. Phase Equil. Diffus 40, 830 (2019)

(BCC)

(HPC)

Liquid
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Cu-Au phase diagram

Liquid

(Au,Cu)

Ravi, Paul, J Mater Sci: Mater Electron 23, 2152 (2012)
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Average properties and ensemble averages
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• We saw the probability of filling a given state, for a system in thermal 
equilibrium with its environment (canonical ensemble):
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• Therefore we can compute ensemble averages of a quantity A as:
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e��E(r1,...,rN ,p1,...,pN )dNrdNp

• These can be expressed as integral over the whole phase space:
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Ergodic hypothesis

Under the ergodic hypothesis: we can replace temporal 
averages (from molecular dynamics, we will see them) with 
ensemble averages and they give the same result (for long 
trajectories, i.e. large T):
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Ā =
1

T

Z T

0
A(t)dt

(Ergodic hypothesis: over long periods of 
time, the time spent in a region of phase 
space with same energy is proportional to 
the volume of this region). 

Not always true!
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Limitations of brute-force simulations 
with all degrees of freedom included

Wide disparity of time scales between different materials 
phenomena (e.g. vibration and atom hopping in solids)

Examples:  diffusion, vapor 
deposition, solidification 

Great for looking at phenomena
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How to model finite temperature systems ?

Simulate Dynamics

Statistical Mechanics

•Build approximate model 

•Simulation or analytical integration 
of thermodynamic properties

Example:  Molecular Dynamics  

•Newtonian motion for atoms 

•Average kinetic energy determines temperature 

•Forces can be calculated from empirical potential 
model or from quantum mechanics

MSE-468 Atomistic and Quantum Simulations of Materials - G. Pizzi, Spring 2025, EPFL

Time or (Phase) Space

In MD system is followed in time

Average only includes phenomena that occur in the time scale of 
the MD simulation

If we just want averaged properties over long-time, statistical 
sampling may be more efficient

Macroscopic properties such as energy 
and volume can be calculated as averages 
over the simulation
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Thermal averaging rather than dynamics

If long-time averages is all you care about, and excitations of the 
system are beyond the time scale of Molecular Dynamics: 

it may be better to use statistical sampling methods such as 
Monte Carlo 

Try to obtain a sample of microscopic states that is 
statistically significant for the long-time averages

IDEA

Need to ensure that sample converges to correct 
thermodynamic average

ISSUE
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Thermal averaging rather than dynamics: 
opportunities and challenges

•efficiency can be much better 
•can define phase space of relevant degrees of freedom 
(not treating other degrees of freedom: freezing them, integrating 
them, optimizing over them, ...) 
•usually only property/energy evaluations needed, no forces

•loss of dynamics 
•not always easy to define appropriate phase space

PRO

CON
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The Monte Carlo method: simple vs importance sampling

• Modern form originated with Ulam and Segré in Los 
Alamos and the ENIAC computer (but really goes back to 
Fermi) 

• Before that “sampling” was used a method for 
integration of functions (Comte de Buffon, ~1770) 

• N. Metropolis, A. W. Rosenbluth, M. N. Rosenbluth, A. H. 
Teller, E. Teller, Equation of State Calculations by Fast 
Computing Machines, J. Chem. Phys. 21, 1087 (1953)
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Simple sampling: Estimating pi
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# darts hitting shaded area

# darts hitting square
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Value converges to π but might require 
a lot of samples for good accuracy 

Not very clever for low dimensionality 
(we could just use a regular grid!) 

No hope to sample high N-dimensional spaces! 
Curse of dimensionality, even 10 points per direction 
requires 10N points 

Try it on 

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_pi.ipynb

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_pi.ipynb
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Simple sampling for materials

If we were to use simple sampling:

Pick M states randomly from ensemble, and calculate average property as:

Simple sampling does not work, because one 
picks mainly states with low weight (i.e., 
probability) in the true partition function: 
that is, states with high energy
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from the book by D. Frenkel and B. Smith, Understanding Molecular Simulation Academic Press.

Simple sampling for cartographers

From the book by D. Frenkel and B. Smith, Understanding Molecular Simulation, Academic Press



MSE-468 Atomistic and Quantum Simulations of Materials - G. Pizzi, Spring 2025, EPFL

Picking states with a biased probability: 
Importance Sampling

Can we pick states from the ensemble directly with a probability proportional to exp(-βΗ)?  
(Rather than picking with uniform random distribution and later weighing by their probability)

Chosen according to uniform 
random sample

Chosen according to 
probability-weighted 
sample
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But how can we generated a probability-weighted sample?
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Metropolis algorithm

“Walk” through phase space (Markov chain of states), 
following decision path so that we are visiting each state 
with proper probability (in the infinite time limit)

•Random starting state i 

•Pick trial state j from i with  some rate Wi->j 
•Accept j with some probability Pi->j

Picking states with a biased probability: 
Importance Sampling

How to construct probability-weighted sample ?
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Put it all together:  A Monte Carlo Algorithm 

1.   Start with some configuration i0, compute its energy 
2.   Choose perturbation of the system i0+Δ 
3. Compute energy for that perturbed system i0+Δ 

a. If ΔΕ<0: accept perturbation, i1 = i0+Δ 
b. If ΔΕ>0: accept perturbation with probability                        , 

otherwise remain in the same state i1 = i0 
4. Choose next perturbed system (i1+Δ), continue from point 3 

Average property will be the average over the chain of states that we obtain
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e��E/kBT

A typical Metropolis algorithm (but not at all the only possible one)

Uphill moves accepted with some “thermal-
like” probability; otherwise: remain in state i
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when Ej < Ei

when Ej > Ei

Downhill moves always accepted
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Monte Carlo “trajectory” can be averaged over 
to get correct thermodynamic averages

Important note: the Monte Carlo "trajectory" is not a dynamical trajectory: 
it does not have a physical meaning; it is only an efficient way to sample phase space 
so that points are already chosen according to the correct probability

Quantity 
for which 
we want to 
compute 
averages

Monte Carlo step
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Example: two quadratic terms

It could be e.g. two particles with quadratic potential, or 
a particle moving in 1D (x1 = momentum = p, x2 = x)
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x(i+1)
1 = x(i)

1 + 2⌘�, ⌘ :

Expected limits by equipartition theorem

Try it on 

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_parabolic.ipynb 
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Example: two quadratic terms
It could be e.g. two particles with quadratic potential, or 
a particle moving in 1D (x1 = momentum = p, x2 = x)
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Acceptance: ~85%

Moves: random number in [-0.5, 0.5], Δ: max move size

Same for x2
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High T: broader region of phase space 
accessible (higher energies)

Higher acceptance rate: 
exp(-E/kBT)->1 for T->∞ x1

x2

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_parabolic.ipynb


MSE-468 Atomistic and Quantum Simulations of Materials - G. Pizzi, Spring 2025, EPFL

Example: two quadratic terms
It could be e.g. two particles with quadratic potential, or 
a particle moving in 1D (x1 = momentum = p, x2 = x)
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Acceptance: ~95%

Moves: random number in [-0.5, 0.5], Δ: max move size

Same for x2
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x(i+1)
1 = x(i)

1 + 2⌘�, ⌘ :

Small step: very high acceptance 
rate because I move very little, 

but very slow convergence

x1

x2
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Example: two quadratic terms
It could be e.g. two particles with quadratic potential, or 
a particle moving in 1D (x1 = momentum = p, x2 = x)

<latexit sha1_base64="v8eZ805rUiWW98Jzs8NZJ5DzuIs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgCCUJRd0IVRFcVrAPaNMwmU7boZNJmJlIQ6i/4saFIm79EHf+jdM2C209cOFwzr3ce48fMSqVZX0buZXVtfWN/GZha3tnd8/cP2jIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x/dTP3mIxGShvxBJRFxAzTgtE8xUlryzOItvIRXY8/uOvAUXo89p+t4ZskqWzPAZWJnpAQy1Dzzq9MLcRwQrjBDUrZtK1JuioSimJFJoRNLEiE8QgPS1pSjgEg3nR0/gcda6cF+KHRxBWfq74kUBVImga87A6SGctGbiv957Vj1L9yU8ihWhOP5on7MoArhNAnYo4JgxRJNEBZU3wrxEAmElc6roEOwF19eJg2nbJ+VnftKqVrJ4siDQ3AEToANzkEV3IEaqAMMEvAMXsGb8WS8GO/Gx7w1Z2QzRfAHxucPz7WSQw==</latexit>

E = Ax2
1 +Bx2

2

A = 1, B = 4

100,000 MC steps

T = 1

Δ = 10

To
ta

l e
ne

rg
y

<A
x 1

2 >

Acceptance: ~1.5%

Moves: random number in [-0.5, 0.5], Δ: max move size

Same for x2

<latexit sha1_base64="sQi221nHuUkpJ4v8RbEUHWq0yCU=">AAACHXicbZDLSgMxFIYz3q23qks3wSIoSpkpRUUQBF24VLAqdGo5k55qaOZickYsQ1/Eja/ixoUiLtyIb2NaZ+Hth8CX/5xDcv4gUdKQ6344Q8Mjo2PjE5OFqemZ2bni/MKpiVMtsCZiFevzAAwqGWGNJCk8TzRCGCg8Czr7/frZDWoj4+iEugk2QriMZFsKIGs1i9XbpneRrcp1b63Hd3l+s7zOKz4ScP8AFcEG969TaPG+tcObxZJbdgfif8HLocRyHTWLb34rFmmIEQkFxtQ9N6FGBpqkUNgr+KnBBEQHLrFuMYIQTSMbbNfjK9Zp8Xas7YmID9zvExmExnTDwHaGQFfmd61v/lerp9TebmQySlLCSHw91E4Vp5j3o+ItqVGQ6loAoaX9KxdXoEGQDbRgQ/B+r/wXTitlb7NcOa6W9qp5HBNsiS2zVeaxLbbHDtkRqzHB7tgDe2LPzr3z6Lw4r1+tQ04+s8h+yHn/BOjxnrE=</latexit>

x(i+1)
1 = x(i)

1 + 2⌘�, ⌘ :

Very large step: most moves rejected as 
they fall in high-energy regions; 

slow and noisy convergence

x1

x2
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Example: two quadratic terms
It could be e.g. two particles with quadratic potential, or 
a particle moving in 1D (x1 = momentum = p, x2 = x)

<latexit sha1_base64="v8eZ805rUiWW98Jzs8NZJ5DzuIs=">AAAB/HicbVDLSsNAFJ3UV62vaJduBosgCCUJRd0IVRFcVrAPaNMwmU7boZNJmJlIQ6i/4saFIm79EHf+jdM2C209cOFwzr3ce48fMSqVZX0buZXVtfWN/GZha3tnd8/cP2jIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x/dTP3mIxGShvxBJRFxAzTgtE8xUlryzOItvIRXY8/uOvAUXo89p+t4ZskqWzPAZWJnpAQy1Dzzq9MLcRwQrjBDUrZtK1JuioSimJFJoRNLEiE8QgPS1pSjgEg3nR0/gcda6cF+KHRxBWfq74kUBVImga87A6SGctGbiv957Vj1L9yU8ihWhOP5on7MoArhNAnYo4JgxRJNEBZU3wrxEAmElc6roEOwF19eJg2nbJ+VnftKqVrJ4siDQ3AEToANzkEV3IEaqAMMEvAMXsGb8WS8GO/Gx7w1Z2QzRfAHxucPz7WSQw==</latexit>

E = Ax2
1 +Bx2

2

A = 1, B = 4

100,000 MC steps

T = 1

Δ = 10

To
ta

l e
ne

rg
y

<A
x 1

2 >

Acceptance: ~0.4%

Moves: random number in [-0.5, 0.5], Δ: max move size

Same for x2

<latexit sha1_base64="sQi221nHuUkpJ4v8RbEUHWq0yCU=">AAACHXicbZDLSgMxFIYz3q23qks3wSIoSpkpRUUQBF24VLAqdGo5k55qaOZickYsQ1/Eja/ixoUiLtyIb2NaZ+Hth8CX/5xDcv4gUdKQ6344Q8Mjo2PjE5OFqemZ2bni/MKpiVMtsCZiFevzAAwqGWGNJCk8TzRCGCg8Czr7/frZDWoj4+iEugk2QriMZFsKIGs1i9XbpneRrcp1b63Hd3l+s7zOKz4ScP8AFcEG969TaPG+tcObxZJbdgfif8HLocRyHTWLb34rFmmIEQkFxtQ9N6FGBpqkUNgr+KnBBEQHLrFuMYIQTSMbbNfjK9Zp8Xas7YmID9zvExmExnTDwHaGQFfmd61v/lerp9TebmQySlLCSHw91E4Vp5j3o+ItqVGQ6loAoaX9KxdXoEGQDbRgQ/B+r/wXTitlb7NcOa6W9qp5HBNsiS2zVeaxLbbHDtkRqzHB7tgDe2LPzr3z6Lw4r1+tQ04+s8h+yHn/BOjxnrE=</latexit>

x(i+1)
1 = x(i)

1 + 2⌘�, ⌘ :

Very large step: most moves rejected as 
they fall in high-energy regions; 

slow and noisy convergence

x1

x2

Target 

Choose moves that have an 
acceptance around 20%-50%
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Example: double well along second direction x2

x2

100,000 MC steps

T = 0.65

Δ = 0.25

Acceptance: ~88%

x2

1,000,000 MC steps

T = 0.65

Δ = 0.25

Acceptance: ~88%

Low T, small steps: stays in one well, 
jump rarely in the other one

Needs very long simulation times, 
noisy due to the rare jumps

To
ta

l e
ne

rg
y

<x
2>

To
ta

l e
ne

rg
y

<x
2>

x1

x1
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Example: double well along second direction x2

100,000 MC steps

T = 4
Δ = 8

Acceptance: ~20%

High T and/or large jumps: 
visits "equally" two wells

x2

100,000 MC steps

T = 0.65

Δ = 0.25

Acceptance: ~88%

Low T, small steps: stays in one well, 
jump rarely in the other one

To
ta

l e
ne

rg
y

<x
2>

x1

To
ta

l e
ne

rg
y

<x
2>

x2

x1
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Random numbers

<latexit sha1_base64="Q/Txg+40IZu9YYcrcXCIQCLi8dc=">AAACHHicbZDLSgMxFIYz3q23qks3wSIoSplRUREEQRcuK1gVOrWcSU81mLmYnBHL0Adx46u4caGIGxeCb2PazsLbD4Ev/zmH5PxBoqQh1/10BgaHhkdGx8YLE5NT0zPF2blTE6daYFXEKtbnARhUMsIqSVJ4nmiEMFB4FlwfdOtnt6iNjKMTaidYD+Eyki0pgKzVKG7cNbyLbFmueisdvsfzm+VV7iMB9w9REaxx/yaFZs/a5Y1iyS27PfG/4OVQYrkqjeK734xFGmJEQoExNc9NqJ6BJikUdgp+ajABcQ2XWLMYQYimnvWW6/Al6zR5K9b2RMR77veJDEJj2mFgO0OgK/O71jX/q9VSau3UMxklKWEk+g+1UsUp5t2keFNqFKTaFkBoaf/KxRVoEGTzLNgQvN8r/4XT9bK3VV4/3iztb+ZxjLEFtsiWmce22T47YhVWZYLds0f2zF6cB+fJeXXe+q0DTj4zz37I+fgCa2yedQ==</latexit>

x(i+1)
1 = x(i)

1 + ⌘�, ⌘ : random number in [-0.5, 0.5]

<latexit sha1_base64="T+0b9Y0IRmN5NE9JtsThoAWFAfU=">AAAB/HicbVDJSgNBEO2JW4zbaI5eGoPgxTgTgnoMLuAxQjZIxqGnU5M06Vno7hGGIf6KFw+KePVDvPk3dpaDJj4oeLxXRVU9L+ZMKsv6NnIrq2vrG/nNwtb2zu6euX/QklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3R9cRvP4KQLAobKo3BCcggZD6jRGnJNYvwkJ32boArgm/PRu4Vboxds2SVrSnwMrHnpITmqLvmV68f0SSAUFFOpOzaVqycjAjFKIdxoZdIiAkdkQF0NQ1JANLJpseP8bFW+tiPhK5Q4an6eyIjgZRp4OnOgKihXPQm4n9eN1H+pZOxME4UhHS2yE84VhGeJIH7TABVPNWEUMH0rZgOiSBU6bwKOgR78eVl0qqU7fNy5b5aqlXnceTRITpCJ8hGF6iG7lAdNRFFKXpGr+jNeDJejHfjY9aaM+YzRfQHxucP9vaTpA==</latexit>

e��E/kBT pick a random number a in [0, 1], accept if 
<latexit sha1_base64="VIvMQvb6jFxi5xB8Jz+qegEcD+Q=">AAACAHicbVC7SgNBFJ2NrxhfqxYWNoNBsDHuhqAWFsEHWEbIC5J1mZ3cJENmH8zMCmHZxl+xsVDE1s+w82+cJFto9MCFwzn3cu89XsSZVJb1ZeQWFpeWV/KrhbX1jc0tc3unKcNYUGjQkIei7REJnAXQUExxaEcCiO9xaHmjq4nfegAhWRjU1TgCxyeDgPUZJUpLrrlH8AWG++S4ew1cEXxzMnIvcT11zaJVsqbAf4mdkSLKUHPNz24vpLEPgaKcSNmxrUg5CRGKUQ5poRtLiAgdkQF0NA2ID9JJpg+k+FArPdwPha5A4an6cyIhvpRj39OdPlFDOe9NxP+8Tqz6507CgihWENDZon7MsQrxJA3cYwKo4mNNCBVM34rpkAhClc6soEOw51/+S5rlkn1aKt9VitVKFkce7aMDdIRsdIaq6BbVUANRlKIn9IJejUfj2Xgz3metOSOb2UW/YHx8A+y2lKk=</latexit>

a < e��E/kBT

Various places where a random number must be picked:

python: random.random() returns a number in [0, 1] or, more precisely, in [0, 1[  
There are similar routines in all languages 

 
MC easily parallelizable: you can have many processes generating random numbers 
in parallel, generate multiple trajectories and average over them
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Pseudo-random numbers
However: in computers, they are pseudo-random generators! 

They are generated deterministically with a mathematical formula 

E.g.: xn+1 = (a xn + b) mod m;    x0: "seed"   <- Same seed will generate same sequence

https://www.random.org/analysis/

RANDOM.ORG PHP rand() 
on MS Windows

Built-in libraries: often not very good, can repeat patterns "soon" 

For 32-bit integers: max period = 232 ~ 4 billion (not so large!) 

Also when parallelising: ensure you are not just getting the same sequence over and over 
on different machines! (optimised libraries exist, like http://www.sprng.org)
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Pseudo-random numbers

Need: uncorrelated, uniform, fast, 
portable, reproducible

Truly random numbers: only from physical devices (thermal noise, radioactive decay, ...)

Lava lamps at CloudFlare
https://www.cloudflare.com/en-gb/learning/ssl/lava-lamp-encryption/

Hardware card to generate random numbers
https://en.wikipedia.org/wiki/Hardware_random_number_generator

random.org: uses atmospheric data 

...

http://www.sprng.org
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Ising Model
A model system:  The Ising Model

At every lattice site i, a spin variable σi = +1 or -1 

Each spin interacts only with first neighbours

J > 0: ferromagnetic

J < 0: antiferromagnetic

1D 2D

<latexit sha1_base64="bSWKzM2FoNUuMDl5ej+i2zxa988=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2ARXGiZKaJuCkU3xVUFe4FOGTJppk2bZIYkI5ShT+PGV3HjoiLizkcxvQjaeiDw8f/ncHL+IGZUacf5tDIrq2vrG9nN3Nb2zu6evX9QV1EiManhiEWyGSBFGBWkpqlmpBlLgnjASCMY3E78xiORikbiQQ9j0uaoK2hIMdJG8u1SBZbgOfRCiTB0YRF6KuF+6jEkuoxAetb35BRH8M54tMuRT3+g79t5p+BMCy6DO4c8mFfVt8deJ8IJJ0JjhpRquU6s2ymSmmKzI+clisQID1CXtAwKxIlqp9MzR/DEKB0YRtI8oeFU/T2RIq7UkAemkyPdU4veRPzPayU6vG6nVMSJJgLPFoUJgzqCk8xgh0qCNRsaQFhS81eIe8gkpk2yOROCu3jyMtSLBfeyULy/yJdv5nFkwRE4BqfABVegDCqgCmoAgyfwAsbgzXq2Xq1362PWmrHmM4fgT1lf3/v2o8E=</latexit>

H = �1

2

X

hi,ji

J�i�j
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Ising Model

Which perturbation?  Pick one spin and flip over

1. Start with some spin configuration 
2. Randomly pick a site and consider flipping 

the spin over on that site 
3. Compute energy for that perturbation 

1. If ΔΕ<0 accept perturbation 
2. If ΔΕ>0 accept perturbation with probability  

4. Go back to 2

<latexit sha1_base64="T+0b9Y0IRmN5NE9JtsThoAWFAfU=">AAAB/HicbVDJSgNBEO2JW4zbaI5eGoPgxTgTgnoMLuAxQjZIxqGnU5M06Vno7hGGIf6KFw+KePVDvPk3dpaDJj4oeLxXRVU9L+ZMKsv6NnIrq2vrG/nNwtb2zu6euX/QklEiKDRpxCPR8YgEzkJoKqY4dGIBJPA4tL3R9cRvP4KQLAobKo3BCcggZD6jRGnJNYvwkJ32boArgm/PRu4Vboxds2SVrSnwMrHnpITmqLvmV68f0SSAUFFOpOzaVqycjAjFKIdxoZdIiAkdkQF0NQ1JANLJpseP8bFW+tiPhK5Q4an6eyIjgZRp4OnOgKihXPQm4n9eN1H+pZOxME4UhHS2yE84VhGeJIH7TABVPNWEUMH0rZgOiSBU6bwKOgR78eVl0qqU7fNy5b5aqlXnceTRITpCJ8hGF6iG7lAdNRFFKXpGr+jNeDJejHfjY9aaM+YzRfQHxucP9vaTpA==</latexit>

e��E/kBT
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"Trajectory" for the Energy
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Ferromagnetic and antiferromagnetic Ising model

From http://quantumtheory.physik.unibas.ch/people/bruder/ 

Tc ~ 2.27 J/kB

J > 0

J < 0

Try on                                to reproduce this! 

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_parabolic.ipynb 

http://quantumtheory.physik.unibas.ch/people/bruder/
https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_parabolic.ipynb
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Average spin as a function of temperature 
(same as before, using the OSSCAR notebook)

Try on                                to reproduce this! 

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_parabolic.ipynb 
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Detecting phase transitions 
Look at physical properties (just like for a real system!)

Energy discontinuity indicates first order transition 
Concentration discontinuity (when working at constant chemical potential) 
indicates first order transition 
Heat capacity: related to fluctuations of the energy 

• is infinite at first order transition (but is difficult to spot) 
• has log-like infinite singularity for second order transitions 

(even more difficult to spot)

Can be obtained from energy 
distribution

<latexit sha1_base64="AybSdGFQzHudmyk3/BI4eRZiMms="></latexit>

C =
1

N

@U

@T
=

1

N

hE2i � hEi2

kBT 2

https://osscar-quantum-mechanics.materialscloud.io/voila/render/statistical-mechanics/monte_carlo_parabolic.ipynb
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Ising model

From http://quantumtheory.physik.unibas.ch/people/bruder/ 

Specific 
heat 

(fluctuations of 
energy)

Energy Magnetization

Magnetic 
susceptibility 

(fluctuations of 
magnetization)

MSE-468 Atomistic and Quantum Simulations of Materials - G. Pizzi, Spring 2025, EPFL

Ising Model

It's a universal model! Not only spin 

• alloy substitutions  

• atomic polarisation (ferroelectricity) 

• phase separation 

• liquid-gas models 

• social interactions, protein folding, trading in stock markets, ... 

• ... 
(it's a universal model, see De las Cuevas, Cubitt, Science 351, 1180 (2016))

<latexit sha1_base64="bSWKzM2FoNUuMDl5ej+i2zxa988=">AAACJnicbZDLSgMxFIYz9VbrbdSlm2ARXGiZKaJuCkU3xVUFe4FOGTJppk2bZIYkI5ShT+PGV3HjoiLizkcxvQjaeiDw8f/ncHL+IGZUacf5tDIrq2vrG9nN3Nb2zu6evX9QV1EiManhiEWyGSBFGBWkpqlmpBlLgnjASCMY3E78xiORikbiQQ9j0uaoK2hIMdJG8u1SBZbgOfRCiTB0YRF6KuF+6jEkuoxAetb35BRH8M54tMuRT3+g79t5p+BMCy6DO4c8mFfVt8deJ8IJJ0JjhpRquU6s2ymSmmKzI+clisQID1CXtAwKxIlqp9MzR/DEKB0YRtI8oeFU/T2RIq7UkAemkyPdU4veRPzPayU6vG6nVMSJJgLPFoUJgzqCk8xgh0qCNRsaQFhS81eIe8gkpk2yOROCu3jyMtSLBfeyULy/yJdv5nFkwRE4BqfABVegDCqgCmoAgyfwAsbgzXq2Xq1362PWmrHmM4fgT1lf3/v2o8E=</latexit>

H = �1

2

X

hi,ji

J�i�j

http://quantumtheory.physik.unibas.ch/people/bruder/
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Relevance of Ising model for other fields
Simple transformation to a lattice model -> spin can be used to indicate whether a 
lattice site is occupied or not.  E.g.  Adsorption on surface sites

pi = 1 when site is occupied, pi = 0 when not

<latexit sha1_base64="PYxdywAkwhDg/B7NUADRg4jboek="></latexit>

H =
1

2

X

i,j

Vijpipj + Ea

X

i

pi

"Spin" can indicate whether a site is occupied by 
an A or B atom ->  model for binary solid mixtures

<latexit sha1_base64="OjX8aXRJ0zc0OjKMPYIT9T1yBYE="></latexit>

H =
1

2

X

i,j

[V AB(pAi p
B
j + p

B
i p

A
j ) + V

AA
p
A
i p

A
j + V

BB
p
B
i p

B
j ]

<latexit sha1_base64="kYTMvJPGdU+oXx9cq+MdckeyjrM="></latexit>

�i = 2pAi � 1 or pAi =
1 + �i

2
, pBi =

1� �i

2
With the following mapping 
to "spin notation": 

Between -1 and 1 Between 0 and 1
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Parameters from first principles
Simple transformation to a lattice model -> spin can be used to indicate whether a 
lattice site is occupied or not.  E.g.  Adsorption on surface sites

pi = 1 when site is occupied, pi = 0 when not

<latexit sha1_base64="PYxdywAkwhDg/B7NUADRg4jboek="></latexit>

H =
1

2

X

i,j

Vijpipj + Ea

X

i

pi

You can construct the model Hamiltonian above 
by creating various cells with one single 
adsorption site, two neighbouring ones, ... 

Get their energies, use them to determine the 
value of Vij, Ea, ... 

Use Monte Carlo on the model Hamiltonian
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Some references

D. Frenkel and B. Smit, "Understanding Molecular Simulation", Academic Press. 
Very good background and theory on MD, MC and Stat Mech.  
Applications are mainly on molecular systems. 

M.E.J. Newman and G.T. Barkema, “Monte Carlo Methods in Statistical Physics” 

K. Binder and D.W. Heerman, “Monte Carlo Simulation in Statistical Physics” 

Monte Carlo

D. Chandler, “Introduction to Modern Statistical Mechanics” 

D.A. McQuarrie, “Statistical Thermodynamics” OR “Statistical Mechanics”

General Statistical Mechanics


